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Introduction
In [2] Carmichael and Richters proved that if a holomorphic function on a tube domain having as base a regular open convex cone has an L p function (with 1 ≤ p ≤ ∞) as distributional boundary value, then the holomorphic function should belong to the Hardy space H p on the tube. The authors have recently obtained a vector valued generalization of this result in [1] . However, we were only able to prove the desired vector valued version in the range 2 ≤ p ≤ ∞, and only for Hilbert space valued spaces; see [1, Theorem 4.4] .
The aim of this note is to improve the quoted main result from [1] by showing that it holds for any 1 ≤ p ≤ ∞ and any Banach space. This will be done in Section 3. Further, in Section 4, we prove that any element of an X-valued Hardy space is representable as a Poisson integral if X is a dual Banach space satisfying the Radon-Nikodým property. In particular, the latter holds for reflexive Banach spaces.
Distributional boundary value results associated with Hardy spaces have been of importance in particle physics; see [5] for example. The distributional boundary value result of [5] motivated the authors' work in [1] and the current paper.
Notation
Let X be a Banach space with norm · X . Integrals for X-valued functions are interpreted in the Bochner sense [3, 7] and the X-valued Lebesgue spaces L p (R n , X), p ∈ (0, ∞], are defined in the usual way. The space of X-valued distributions [10] is the space of continuous linear mappings D(R n ) → X, denoted as D ′ (R n , X). In analogy to the scalar valued case, we denote the evaluation of a vector valued distribution
An open convex cone (with vertex at the origin) C ⊂ R n is called regular if its closure does not contain any entire straight line. Equivalently, regularity means that the conjugate cone C * = {y ∈ R n : y · x ≥ 0, ∀x ∈ C} has non-empty interior. The tube domain with base C is T C = R n + iC. The Cauchy-Szegö kernel of T C is defined as K(z) = C * e 2πiz·u du for z ∈ T C , while its corresponding Poisson kernel is
It should be noted that Q(z; ·) ∈ L p (R n ) for any p ∈ [1, ∞]; see [9, 3.7, p. 105 ].
If C is an open cone and 0 < p ≤ ∞, the X-valued Hardy space consists those vector valued holomorphic functions F :
where the usual modification is made for the case p = ∞.
Distributional boundary values in
In this section we improve [1, Theorem 4.4, p. 1650]. It is worth pointing out that our method here is much simpler and shorter than the one employed in [1] . Theorem 1. Let X be a Banach spaces, let C be a regular open convex cone, and let p ∈ [1, ∞] . Suppose that the vector valued holomorphic function F : T C → X has distribution boundary value f ∈ L p (R n , X), that is,
We have shown in [1, Lemma 3.4, p. 1639] that G ∈ H p (T C , X). Moreover, the quoted lemma also gives that G has distributional boundary value f. It thus suffices to prove that F(z) = G(z), z ∈ T C , which we verify via the Hanh-Banach theorem and the (scalar valued) edge-of-the-wedge-theorem. Let w * ∈ X ′ . Consider the scalar valued
for each ϕ ∈ D(R n ). Using [6, Corollary of Theorem B, p. 20], we obtain w * , F(z) − G(z) = 0 for all z ∈ T C . Since w * ∈ X ′ was arbitrary, the Hanh-Banach theorem yields the equality F(z) = G(z), z ∈ T C . This establishes the theorem.
Poisson integral representation
We now turn our attention to Banach spaces X where the Poisson integral representation (2), for some f ∈ L p (R n , X), is valid for any X-valued holomorphic function F belonging to the Hardy space H p (T C , X).
We need to introduce some terminology. A Banach space is said to have the Radon-Nikodým property if the Radon-Nikodým theorem holds for vector measures on it; see [3, p . 61] or [7, Chapter 5, p. 102] for precise definitions and background on material Banach spaces with this property. We call X a dual Banach space if it is the strong dual of some Banach space.
Theorem 2. Let X be a dual Banach space having the Radon-Nikodým property, let C be a regular open convex cone, and let
, then there is f ∈ L p (R n , X) such that F has the Poisson integral representation (2) .
Proof. We first show that F has distributional boundary value. Let ϕ ∈ D(R n ) and write Φ(x, y) = ϕ(x) + i n j=1 y j ∂ j ϕ(x) for x ∈ R n and y = (y 1 , . . . , y n ) ∈ T C . Pick a unit vector ω ∈ C. Applying the Stokes theorem exactly in the same way as in [4, p. 67], we have, if y ∈ C,
Since F ∈ H p (T C , X), we may take the limit as y → 0 in the right-hand side of the above expression and conclude that F has distributional boundary value f ∈ D ′ (R n , X), given in fact as
In view of Theorem 1, the representation (2) would follow at once if we are able to show that f ∈ L p (R n , X). We now focus in showing the latter. The rest of the proof exploits the fact that we can consider a weak* topology on L p (R n , X) due to our assumptions on X. Let Y be a Banach space such that X = Y ′ . For each y ∈ C, write F y (x) = F(x + iy). We split our considerations in two cases. Case I: 1 < p ≤ ∞. In this case it is well-known (see 1 [3, Theorem 1, Sect. IV.1, p. 98]) that L p (R n , X) is the strong dual of L q (R n , Y ) where 1/p + 1/q = 1. Besides its strong topology, we also provide L p (R n , X) with the weak* topology with respect to this duality. Since the membership F ∈ H p (T C , X) precisely means that the set {F y : y ∈ C} is strongly bounded in L p (R n , X), the Banach-Alaoglu theorem [10] yields the existence of a sequence of points y k ∈ C and an X-valued function g ∈ L p (R n , X) such that F y k → g as k → ∞, weakly* in L p (R n , X). But, this weak* convergence is stronger than convergence in D ′ (R n , X), whence f = g ∈ L p (R n , X), as required.
Case II: p = 1. Denote as M 1 (R n , X) the Banach space of X-valued vector measures with finite variation [7, Chapter 5] (cf. [3] ) on the σ-algebra of Borel sets of R n . We regard L 1 (R n , X) as a closed subspace of M 1 (R n , X). Let M(R n ) be the space of (signed) Borel measures on R n . Denote also by C 0 (R n ) and C 0 (R n , X) the spaces of continuous and X-valued continuous functions, respectively, vanishing at ∞. Due to the Radon-Nikodým property of X and the fact that C 0 (R n ) has the approximation property (which follows from the fact that it has a Schauder basis [8, Corollary 4.1.4, p . 112]), we have the following natural isomorphisms,
where we have used [7, Theorem 5.22, p. 108] in the first isomorphism and [7, Theorem 5.33, p. 114] in the second one, and we recall that the symbols⊗ π and⊗ ε stand for the projective and injective completed tensor products. Also, reasoning as in [7, Example 3.3, p. 47], one readily verifies that C 0 (R n )⊗ ε Y = C 0 (R n , Y ). Summarizing, we may view M 1 (R n , X) as the dual of C 0 (R n , Y ). Similarly as in Case I, we obtain with the aid of the Banach-Alaoglu theorem that there is an X-valued vector measure µ such that f = dµ. Since X has the Radon-Nikodým property, we must prove that µ is absolutely continuous with respect to the Lebesgue measure in order to show that f ∈ L 1 (R n , X). By the Hanh-Banach theorem it suffices to show that if w * ∈ X, then the scalar valued measure µ w * = w * , µ is absolutely continuous with respect to the Lebesgue measure. But note that dµ w * is the distributional boundary value of w * , F . The function w * , F clearly belongs to the scalar valued Hardy space H 1 (T C ) and the well-known classical result [9, Theorem 5.6, p. 119] says that it has boundary value in L 1 (R n ), so that indeed µ w * = w * , µ is absolutely continuous with respect to the Lebesgue measure.
Let us point out that any reflexive Banach space has the Radon-Nikodým property [3, Corollary 4, p. 82], whence we immediately obtain the ensuing corollary. 
